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1. Introduction

The theory of (affine) connections is a classical topic in differential geometry
(see, for instance, [8]). Its importance comes from the fact that connections
are an essential tool in the study of geometric structures on manifolds. Indeed,
a connection allows to compare the local geometry around different points of
a manifold: if one wants to study a geometric object in the neighborhood of
a point, it is necessary to transport it along a curve, and this is done using a
connection.

Given a connection on a manifold M (or more precisely its covariant
derivative), in a natural way can be associated with a vector field in the tan-
gent bundle T'M, the so-called spray associated with the connection. This
spray is interesting because it encodes the information related with the con-
nection: for instance, the integral curves of the spray are just the tangent
lifts of the geodesics. On the other hand, since we have an extra structure on
the manifold, it is natural to study the transformations which preserve the
connection, the well-known infinitesimal affine transformations. The relation
between the connection and the corresponding spray can be extended to the
infinitesimal affine transformations, which can be characterized in terms of
the spray and the Lie bracket.

From the point of view of applications, connections and sprays play an
important role in the geometric formulation of Lagrangian mechanics [14].
For instance, in [15], time-dependent mechanics can be geometrically de-
scribed using time-dependent semi-sprays. On the other hand, in control the-
ory, connections provide a valuable tool for studying controllability of simple
mechanical control systems (see [2] and references therein).
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A natural extension of the notion of the tangent bundle of a manifold
as well as the concept of Lie algebra is that of Lie algebroids [11]. They pro-
vide the natural framework to develop the geometry of singular geometric
structures: a natural example is a Poisson manifold (M, II), where exists a
(generally singular) foliation, which induces a Lie algebroid structure on the
cotangent bundle 7M. On the other hand, Lie algebroids are interesting
from the point of view of mechanics, since they are the adequate framework
to study Lagrangian and Hamiltonian systems, in particular under the pres-
ence of symmetries. This idea was introduced by A. Weinstein in [17] and
developed in [13], where the notion of prolongation of Lie algebroid is used
to give a formalism which is parallel to the one for Lagrangian mechanics on
the tangent bundle of a manifold.

Connection theory is very limited when used to study objects which
presents a singular behaviour. The reason is that if a structure admits a
compatible connection, then parallel transport will preserve any invariant of
the structure, which will not allow any singular behaviour. An example of
this restriction appears when dealing with connections compatible with Pois-
son structures, which force the rank of the Poisson bivector to be constant.
However, very interesting Poisson structures have singularities, such as linear
ones.

To surpass these problems, in [5] the notion of Lie algebroid connection
(for the Poisson case, see [16]) has been introduced, in such a way that if
the Lie algebroid is the tangent bundle of a manifold, the usual notion of
a connection is recovered. Although there are differences with the classical
case, using connections on Lie algebroids, global properties of Lie algebroids
has been studied: holonomy, stability of compact leaves... The relation be-
tween Lie algebroid connections and sprays was first obtained in [3] in the
study of mechanical control systems on Lie algebroids. Moreover, Lie alge-
broid sprays have been used in [4] to give a new proof of the existence of
symplectic realizations of a Poisson manifold and further developed in [1]
to present a direct construction of a local Lie groupoid integrating a given
Lie algebroid. From the point of view of mechanics, in [10] connections are
used to give a coordinate-free characterization of the solutions for the Euler—
Lagrange equations on Lie algebroids. Furthermore, connections are useful
tools in the side of the constitutive theory of materials. In fact, uniformity
and homogeneity are characterized by the existence of some kind of (local)
connections covering the body B (see for instance [6,7]).

Here, we give an alternative (but similar) proof of the relation between
Lie algebroid connections and sprays and extend this relation. More precisely,
we introduce the notion of V infinitesimal automorphisms for a Lie algebroid
connection V, which generalize infinitesimal affine transformations, and char-
acterize them in terms of the associated spray. The paper is organized as fol-
lows. In Sect. 2, we recall the notion of Lie algebroid and linear vector fields
on them, describing some characterizations first obtained in [12]. After do-
ing this, the definition of covariant derivative is introduced, describing some
important associated notions, such as geodesics. In Sect. 3, we introduce the
notion of a spray for a Lie algebroid and relate them with connections on Lie
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algebroids showing, as a consequence, that the integral curves of the spray
corresponding with a connection are just the geodesics. Finally, in Sect. 4, we
define, for a Lie algebroid connection, V infinitesimal automorphisms (with
V being the covariant derivative of the connection), and characterize them
in terms of the associated spray.

2. Lie Algebroids, Linear Vector Fields and Covariant
Derivatives

This section is devoted to introduce some basic definitions such as Lie al-
gebroids and linear vector fields and some useful constructions which are
necessary for the results in this paper.

2.1. Lie Algebroids

As a first step, we introduce the well-known notion of Lie algebroid [11].

Definition 2.1. A Lie algebroid over M is a triple (A — M, [,]), where
m: A — M is a vector bundle together with a vector bundle morphism
£ : A — TM, called the anchor, and a Lie bracket [-,:] on the space of
sections I'(A), such that the Leibniz rule holds:

[a, 8] = flew Bl + 8(@)(f)B,  a,Bel(A), feC*(M). (2.1)

Seeing § as a C°°(M)-module morphism from I'(A4) to X(M), for each
section a € I'(A) we denote () by af. Thus, we have the following funda-
mental property:

[, 8]F = [a, #%],  «,BET(A). (2.2)

Ezample 2.2. (i) Let M be an arbitrary manifold. Then, the tangent bundle
A =TM — M is naturally a Lie algebroid, with § = Idpy, and the Lie
bracket on I'(A) = X(A) is just the Lie bracket of vector fields.

(ii) Any finite dimensional Lie algebra g can be seen as Lie algebroid
over a singleton.

(iii) Given a Poisson manifold (M, II), the cotangent bundle T*M — M
is endowed with a Lie algebroid structure: the anchor is the bundle map
II* : T*M — TM associated with the bivector II, and the Lie bracket on
1-forms is given by

[, B] = Lz (o) B — Lrzgya — d(Il(ev, 3)), a, 3 € QH(M).

Let « be a section of a Lie algebroid. If U C M is an open subset such
that 7=2(U) 2 U x F, where F is the fiber of A, a can be written locally as
a differentiable map

ay : U — F.
Furthermore, # will be locally expressed as:

ty:UxF —U x R™
(p,v) = (p,tu(p,v))-
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Given a Lie algebroid structure (,[-,-]) on # : A — M, a vector bundle
isomorphism ® : A — A over ¢ : M — M is said to be a Lie algebroid
isomorphism if
tod =Thot, (2.3)

D, [a, ] = [Pucy, D], a,f €T (A), (2.4)
where ®,a = ® ' oao¢.
Remark 2.3. Note that if f: M — M is a diffeomorphism and = € X(M) =
[(TM), then (Tf).(x) = Tf ! oxo fis the so-called push-forward of the
vector field 2 by f~! (see, for instance, [8]).

To finish this section, we introduce the suitable notion of path in the
Lie algebroid setting.

Definition 2.4. Let a € C*°(I, A) be a curve. It is said to be an A-path if it
satisfies

Ha(t) = . (25)

where v = 7 o a is the base path. P(A) denotes the space of A-paths.
2.2. Linear Vector Fields and Derivations

Next, we introduce some preliminaries concerning linear vector fields on vec-
tor bundles, whose details may be found in [12]. In what follows, we will
consider a fixed vector bundle 7 : A — M.

Definition 2.5. A linear vector field on A is a pair (£, ), where £ is a vector
field on A and z is a vector field on M, such that

A—So7a

1

M4Z>TM

is a morphism of vector bundles. The vector space of linear vector fields on
A is denoted by Xr;n(A).

Observe that this condition implies that for all A € R,

EX - vp) = TpA(E(vp)),
where A : A — A is the map given by A(v,) = Av,. Locally, £ can be written
in the following way,

& UXF =R F

(p7 U) = (xU(p)7 gllj(pv U))a
where, fixing p, the map &;(p,-) : F — F is a linear map.
Proposition 2.6. [12] Let £ be a vector field on A and x be a vector field on
M. The following claims are equivalent:

(i) (&, ) is a linear vector field on A.
(if) € : C®(A) — C*(A) sends fiber-wise linear functions into fiber-wise
linear functions and sends basic functions into basic functions.
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(iii) € has flow {®;} which is (local) vector bundle morphism over a flow
{d¢} on M.

A first result that can be proved is the following one.

Proposition 2.7. Let (&, z) and (v,y) be linear vector field. Then, ([¢, V], [z,y])
is a linear vector field.

Given a linear vector field (£*, ) on A*, condition (ii) above shows that
&* induces a map

D¢- :T(A) - T(A)
a > Dexa,
characterized by
LDg*CK = 5*(La)a (2'6)

where we consider the correspondence between sections of A and fiber-wise
linear functions of A*, L : T'(A) — C255N(A*), a— Ly,

Lao(fp) = fpla(p)),  fp €A
It is easy to check that for all f € C*°(M) and « € T'(A4),

D¢« (fa) = fDe-a + z(f)av.

Definition 2.8. A derivation on A is a R-linear map D : T'(A) — T'(A4) with
x € X(M), such that

D(fa) = fD(a) + z(f)e,  a €T(A), f €C(M).
The vector space of these objects is denoted by Der(A).

The map £* — D¢« is an isomorphism of vector spaces. On the other
hand, there is an isomorphism Der(A) — Der(A*), D — D*, given by

D*(X)(a) = 2(X(a)) — X(D(a)), X eTD(A"), acT(4). (2.7

Let (€*,z) be a linear vector field on A* and Dg- its associated derivation on
A. If Dg. is the derivation on A* given by Eq. (2.7), then (¢, z) will denote
the linear vector field on A such that

D¢ = Dj.. (2.8)

Remark 2.9. If {(®¢, ¢¢)} denotes the flow of (&, z) and If {(¥y, ¢:)} denotes
the flow of (¢*, ) then Uy = ®T, where ®7 is the transpose of @, for each
s, l.e.,

9o () (Pt (ap)) = {V—+(9p,p)) }(ap), (2.9)
for all gy, (p) € Ay, () and ap € Ap.

Proposition 2.10. For all o € T'(A),

d

s <I>*):D*.
dt\tzo(ta e
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Proof. Let f, € Ay. Using Eq. (2.6),

foDeale) = € (L) = 5 (LaoWil)

T (@) = 5 (£(@na)m))

= 50 (B0 0):

O

As a consequence of Proposition 2.10, we have two results that will be
useful in the sequel.

Corollary 2.11. For all s,

d
- ® = ®,, D¢~
dt\t:s( t*ﬁ) sxL7E 57

(bs*D&*ﬁ = D&* (I)s*ﬂ

Now, taking into account that for all X € T'(A*) and « € T'(4), X (o) =
L, o X, and, from Eq. (2.6) and Eq. (2.8),

De(X)(a) = 2(X (@) — €"(La) o X. (2.10)

This identity can be written locally as

(DeX)u(p) = d(Xv),(zu(p) — £ (. Xu(p)). (2.11)
Now, using this identity for D¢« and Eq. (2.6),
f(&5p,v) = {0 N)}v), peUweF, feF (2.12)

Ezample 2.12. Given a Lie algebroid on A — M and « € T'(A4), the Leibniz
rule (2.1) implies that [o, -] € Der(A). In this case, the corresponding linear
vector field on A, denoted by (a®, a¥), is the so-called complete lift of o and
its flow is (local) the flow of the section «, which is, indeed, a (local) Lie
algebroid isomorphism. Moreover, it can be shown that the linear vector field
on A* is the Hamiltonian vector field of the function L, associated with the
linear Poisson structure on A*, which will be denoted by Hp,, .

Ezample 2.13. If V is a vector space, then any linear automorphism D: V —
V' is a derivation on V. Note that in this case the linear vector fields are just
vector fields whose flow is made of linear automorphisms.

Example 2.14. Let M be a manifold and T*M — M be the cotangent bundle
of M. If x € X(M), then the Lie derivative £, : Q'(M) — Q' (M) is a deriva-
tion on T* M. The linear vector field on T*M is just the Hamiltonian vector
field of the linear function L, € C°°(T*M) with respect to the canonical
symplectic structure on T* M.
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2.3. Covariant Derivatives
To finish this section, the notion of covariant derivative is recalled (for more
details, see [5]).
Definition 2.15. A covariant derivative on a Lie algebroid (A — M., [-,]) is
an R-bilinear map
V:T(A) xT'(A) - T(A4)
(a,8) = Vap,
such that:
(i) It is C*°(M)-linear in the first variable.
(i)
VafB=VaB+a*(f)B, f€CT(M), a,B€D(A).  (213)
Remark 2.16. Note that (i) in Definition 2.15 is equivalent to V,, € Der(A),
for all o € T'(A).
Using Eq. (2.11) for each o € T'(A), we can see V(3 locally as follows:

(VaB)u = dBu (8 (p, av (p)) — Do (p; av (p), Bu (), (2.14)

where Dy : U — L(F x F, F) is a differentiable map.
Given a covariant derivative V on A, the torsion Ty and the curvature
Ry are the (1,2)-tensor field (respectively, (1,3)-tensor field).

TV(avﬁ) = vaﬁ_ Vﬁa - [a7ﬂ]a
Ry (a,B),7) = VaVay = VaVay = Via g7,

for o, 3,7 € T(A). V is said to be torsionless if Ty = 0 and flat if Ry = 0.
Let v : I — M be a C* curve. By a lift a of v to A, we mean a C*
curve a : I — A such that

mToa="1.

The space of these curves is denoted by Lift(y). Now, let a : I — A be an
A-path and v = w o a the base path. Then, there is a parallel transport

Va : Lift(y) — Lift(v),
such that, for each A € Lift(y)
VoA =V, apo07,
where aq, ap € T'(A) satisfy that
agoy=a; ayoy=A.

Writing V,, ap locally, we have:

(Val)u(t) = grhe = Dubu(®iau(®), Au().  (215)

Finally, an important concept associated with a covariant derivative is that
of geodesic.
Definition 2.17. Let a : I — A be an A-path. Then, a is a geodesic if

Va.a =0.
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Using Eq. (2.15), an A-path a : I — A is a geodesic if and only if locally

S = Duluw(0); au(t), au (1) (2.16)

3. Spray and Covariant Derivative

In this section, the notion of Lie algebroid spray will be introduced and its
relation with covariant derivatives will be studied.

Definition 3.1. F € X(A) is said to be a second-order differential equation
(SODE) on A if
TrnoF =14. (3.1)

Note that, we can express F locally as the following map:

Fu:UxF —-R"x F
(p,v) = (gllj(p7v)7fllj(p,11)). (3:2)

So, Eq. (3.1) is equivalent to g;(p,v) = f;(p,v) for all (p,v) € U x F.
A SODE can be characterized in terms of its integral curves.

Proposition 3.2. Let F be a vector field on A. F is a SODE on A if and only
if every integral curve a: I — A of F is an A-path.

Proof. If a: I — A is an integral curve of F, F(a(t)) = %(a(t)). Using Eq.
(3.1),

d d
S(moa) =Tr(L(a(t)) = (Tr o F)(a(t)) = (a(t)).
The other implication can be proved similarly. O

We are interested in a special kind of second-order differential equations.

Definition 3.3. Let F € X(A) be a SODE on A. F is said to be a spray if for
all s e R,

F(s-v) =Ts(s-F(v)), Yv € A. (3.3)

Remark 3.4. Let (M,II) be a Poisson manifold and T*M — M the associ-
ated Lie algebroid. Then, a spray of T*M is just a Poisson spray [4]. In that
paper, the authors give a simple proof of the existence of symplectic realiza-
tions using Poisson sprays. This result has been generalized in [1], where Lie
algebroid sprays have been used to obtain an explicit and direct construction
of a local Lie groupoid integrating a given Lie algebroid.

Using the expression (3.2), F is a spray iff for all s € R,
f(b(pvs "U) = 82 : f(lf(pav)a V(pﬂj) eUXxF.

Thus, condition (3.3) (in addition to being a second-order vector field) simply
means that f is homogeneous of degree 2 in the second variable. Hence, it
follows that f/; is a quadratic map in its second variable, and specifically this
quadratic map is given by
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1
f(b(p7 U) = §d2fgf7p|0(v? ’U)v

where fé,p(v) = f&(p,v), for any (p,v) € U x F.
Therefore, the spray is induced by a symmetric bilinear map given at
each point p in a chart by

1
By(p) = §d2lej,p‘o-
Conversely, every differential map,
BU U — LS’YM(F X F,F),

defines a spray over U. We call By the symmetric bilinear map associated
with the spray. Now, motivated by Eq. (2.14), we introduce the following
definition.

Definition 3.5. Given a spray F and a covariant derivative V over the same
Lie algebroid A, we say that F is the spray associated with V if V can be
written locally as follows:

(V\B)u(p) = dBu |, (Gu (0,0 () — Du(p; v (p), Bu(p)),
where, for all (p,v) € U x F,
fU(p7 ’U) = (HU(p7 U)v DU(pa v, U))

Observe that, if F is associated with V, F is unique.
Let V be a covariant derivative on A and v € I'(A). Then V., € Der(A)
and we can take the associated linear vector field on A*, (fgw,'yu), ie.,

(i) For each 8 € T(A),
&v, (Lg) = Ly, s
(ii) For all f € C=(M),
&, (fom™) =~ (f)om™.
So, using Eq (2.11),

(V4B)u (p) = d(Bv) (v (p) — &9, 4 (. Bu(p)).- (3.4)
Hence, we can define F € X(A) such that
F(r(p) =&v, (v(p)), (3.5)

where (fvw,'yﬁ) is the linear vector field on A associated with (f*vv, ).

Note that V. (p) depends only on the value of y(p), so we can define the
differentiable map By : U — Lgy ym(F X F, F) given by

Bu(piv,w) = 3 (6v., (rulp)) + €., (0(),

where 7,(p) = v and 7,,(p) = w. Let us have that it is well defined, i.e., for
all v,w e F,

BU(p;v,w) S LSYM(F X F,F).



104 Page 10 of 16 D. Iglesias Ponte, V. M. Jiménez MJOM

Indeed, taking 7,, v, € ['(A) as above, we only have to use that V is R-linear
in the first variable, {v_ is a linear vector field and the following equality:

v, 4y, = Xv, Vv .

Finally, it is obvious that By(p) is a symmetric map and f}(p,v)
:BU(p;Uu’U)'
Now, using Eq (3.5),

Ty (F(v(0)) = Ty (Ev, (7(p))) = ¥ (p).

Therefore, F is a spray.
Now, let F be a spray on A and T : T'(A) x I'(A) — I'(4) a (1, 2)-tensor
field on A. Construct a covariant derivative V such that
(i) For each aw € T'(A)
fv,0a=Foa,

where &y, is the linear vector field on A associated with V.
(ii) For all o, 5 € T'(A4),

T(O[7ﬂ) = TV(O[,/B) = vaﬂ - vﬂa - [OZ,/B]-

Hence,

Val = 3 {Varsla+0) = Voa = Vab + Tl f) + 0Bl (36)
So, using Eq (3.4), locally
(VaB)u(®) = 5 {81, (ah (0) + dav (B (0) + £ (0, o p) + av (v)

— (0, B () = £, 00 (p) + T, Bu(p) + [ Blu (1) }-

Thus, the uniqueness and the smoothness of V.3 have been proved, for all
a, B € T'(A). Finally, using this expression, we can prove that V is, indeed, a
covariant derivative on A.

The previous discussion can be summarized in the following theorem.

Theorem 3.6. FEvery covariant derivative on A has a unique associated spray
on A. Furthermore, given a spray on A, F, and a (1,2)-tensor field on A,
T, there exists a unique covariant derivative V such that F is the associated
spray with V and

Ty =T.

Taking F the spray associated with V, a is a geodesic iff
d

= Fla(t),

i.e., a is an integral curve of F. Since every integral curve of F is an A-path
(Proposition 3.2),

Proposition 3.7. Let a: I — A be a C* curve. a is geodesic iff is an integral
curve of F.
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Example 3.8. Let A — M be a Lie algebroid and assume that ¢ is a fibered
metric on A, that is, for each p € M, g(p) is a nondegenerate symmetric
bilinear form on A,. It is clear that g can be seen as a C°°(M)-linear map

g :T(A) x T(A) — C=(M).
This map allows to define a C*°(M)-isomorphism b, : I'(4) — I'(A*), such
that, for all o, 8 € T'(A)
{bg()}(B) = g(, B).

There exists a unique torsionless covariant derivative V on A such that for
all sections «, (3,7, we have

a*(9(8,7)) = 9(VaBy7) + 9(8, Vay).

This covariant derivative is called the Levi-Civita derivative of g and is de-
noted by V9. The Levi-Civita derivative is characterized by the Koszul for-
mula:

9(Via,y) = {au 7)) + B4g(v, @) — ¥ (g(a, B)) (3.7)
—g([ ﬁ] 7) —g([aﬁ]ﬁ) —9([B,7], @)}

The spray associated with V9 is called metric spray.

4. V Infinitesimal Automorphisms

Throughout this section, we fix a covariant derivative V on a Lie algebroid
(A— M4, [,]), with F € X(A) as the spray associated with V.

Definition 4.1. Let 7 : A — M be a Lie algebroid with anchor f: A — M.
Given a covariant derivative V on A, a vector bundle isomorphism (@, ¢) on
A is a V-automorphism if

D,(Vof) = Vo.a®,8,  a,feD(A). (4.1)

Let (P, ¢) be a V-automorphism. Then, as a first consequence, we have
that

fod =Thot. (4.2)
Indeed, if o, 8 € T'(A) and f € C(M),

@*(va( fﬂ)) = Va.a®.(f).

Using Eq. (2.13), it is deduced that 7*(f)o¢ = (®.7)¥(f o) or, equivalently,
(4.2) holds.

Proposition 4.2. Let (P, ¢) be a vector bundle automorphism. Then, (D, @) is
a V-automorphism if and only if for each a € T'(A),

EVCI)*() = (T(I))*(fva)v (43)

where &y, is the linear vector field on A associated with V.
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Proof. First, we have that

€0, = (TT)T1).(ET,)- (4.4)
Indeed, given 3 € T'(A), from the fact that Lgo ®T = Lg-14,
(TT)™)u(5,) (L) = (65,)(Lg o (7)) 0 (7)) = (€5, ) (Lg-14) © (@T) 7

= (Ly,0-15) 0 (@) = Ly (v,019) = Lva.us

Using that if £ is linear vector field with flow {(®s, ¢¢)}, then the flow of £* is
{®T,} (see Remark 2.9). Thus, for any (F, f) vector bundle isomorphism, the
relation ((TF).€)* = ((TF~1)T).£* holds. Therefore, Eq. (4.4) is equivalent
to

Va0 = (T9):(€v,))"

But this relation is equivalent to Eq. (4.3), since two linear vector fields &
and & are equal if and only if £ and &; coincide.
Conversely, suppose that Eq. (4.3) is satisfied. Then, for all g € T'(A4),

(T2")™)«(65,) (L) = &3, (Lp).
Taking into account that
(T2T) ™65 )(Lp) = Lo, (v, 014
we have
0.(Va®,'f) = Va,af:
O

Corollary 4.3. Let (D, ¢) be an V-automorphism. Then, F is (®, ¢)-invariant,
i.e.,

(T®).F=F.
Proof. Using the previous proposition,
(T®).(&v, 1 ) =&v.,  acT(A) (4.5)
Then, given p € M,
F(alp)) =&v.(ap) =T Hev, , (P(a(p)}
= To eo, |, (27 a(6(p))) = TO {F(27 a(d(n))
= (T®).F(a(p))-
O

Definition 4.4. Let (£,z) be a linear vector field on A with (local) flow
{(®¢,é1)}. Then, (&, x) is said to be a V infinitesimal automorphism (V
ia.) if (P4, ¢¢) is a (local) V-automorphism for all ¢, i.e.,

q)t*(vaﬁ) = V‘I)t*aq)t*57 (46)
for all o, B € T(A).
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Now, we shall give an equivalent condition defining a V infinitesimal
automorphism in terms of the corresponding derivation.

Proposition 4.5. Let (§,x) be a linear vector field on A*. The following prop-
erties are equivalent.
(i) (&,x) is a V infinitesimal automorphism.
(i) For all o, B € T'(A),
D¢V o3 =Vpeaf + VaDep. (4.7)
Proof. Taking derivatives in Eq. (4.6) and using Proposition 2.10, it is clear
that (4.7) is equivalent to
d d
— D (Vop)) = — Vo, o).
T @V = 5 (Vo a®00)

From this relation, (i) implies (i7).
Conversely, noting that (4.6) is equivalent to

VaB = -1, (Var.a®r.B).

we only have to prove that

d
dt|t:s( t*( Dy Xt ﬂ))
For s = 0 it is true. Now, for a general s,
d d
a\t:s (@—t*(v@t*a‘bt*/@)) = a\t:o (‘I)—t_s*(v<pt+s*afl>t+s*ﬁ))
d
= (I)fs T (I)* V @ (I) * (I)s*
*(dt|t:0( tx(Va,, (@, 0)Pex( ﬁ))))
= 0.

O

Corollary 4.6. Let (£, x) be a linear vector field on A. (§,x) is a V infinites-
imal automorphism if and only if

[f»fva} = é—VD&*a? Vo € P(A) (48)

Proof. Using Proposition 4.2 for the (local) flow of (£, ), we only have to
prove that Eq. (4.3) is equivalent to Eq. (4.8).
First, using Proposition 2.10,

d

= — T@ * = = .
[67 fva] dt|t=0(( t) gva) £V%‘t:0(¢t*a) gng*a
Conversely, Eq. (4.8) implies that
d
— T = .
dt\t:O(( t)*gva) £V%‘t:0(q}t*(’)

Then,
d

&ﬁ:o((T(I)_t)*g‘Dt*Va) =0.
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So, for each s,

d d
— T_ =TP_,),— TO_ =0.
G (MO0 6o ) = (T0). G (T0).Ev,, 0,.) =0

Hence, for all ¢,

(T(b_t)*qu)t*a = gva 9

ie.,

Ev@t*a = (T(I)t)*fva .

From Corollary 4.3, we deduce the following result.
Theorem 4.7. If ({,x) is a V infinitesimal automorphism, then
€, F] = 0.
Remark 4.8. Note that the relation
€, F]=0

implies that:

(i) the relation f o ® = T'¢ o £ holds;
(ii) for all &« € I'(A4), Vg,aPra = @, Vo

Thus, using Eq. (3.6), we can prove the reciprocal only for special cases such
as V symmetric or (®, ¢) Lie algebroid automorphism with Ty = 0.

An important particular case of V infinitesimal automorphism is the
following one.

Definition 4.9. Let o be a section of (A — M, {,[-,-]) with flow {(®:, )}
Then, « is said to be a V infinitesimal inner automorphism if the flow (®y, ¢;)
is a V-isomorphism for all .

Observe that, taking into account that

[HLa y HLﬁ] = HL[a,mv

the space of V infinitesimal inner automorphisms is a Lie subalgebra of (I'(A4),
[-,:]). From Example 2.12, Proposition 4.5 can be written for this particular
case as follows.

Proposition 4.10. Let (A — M, {,[-,-]) be a Lie algebroid and o € T(A). The
following properties are equivalent.

(1) @ is a V infinitesimal inner automorphism.
(ii) For allv,5 € T(A),

[a7 Vvﬁ] = V[a,'y]ﬁ + vﬁ’[aa ﬁ] (49)
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Recall that (see Example 2.12) the flow of « is just the flow of the
Hamiltonian (Hy, ,aF), where

Hr.(Lg) = Lia,g), VB € T(A),

ie.
Dy, 8= [a, B]. (4.10)

From this relation and taking into account that the flow of a section is a

(local) Lie algebroid isomorphism, the following theorem is a particular case
of Corollary 4.6.

Proposition 4.11. Let « be a section of (A — M, 4,[-,*]). If a is V infinitesi-
mal inner automorphism if and only if for all § € T'(A),

[aca gv;;] = fV[ayﬁ] .

Thus, from Theorem 4.7, Remark 4.8 and the fact that the flow of a
section is (local) Lie algebroid automorphism, we have.

Theorem 4.12. Let (A — M,4,[-,-]) be a Lie algebroid, V a covariant deriv-
ative and o € T(A). If v is a V infinitesimal inner automorphism, then

[af, F] = 0.

Conversely, if V is torsionless or symmetric, [a°, F] = 0 implies that « is a
V infinitesimal inner automorphism.
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